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Abstract. A mapping which relates the Wigner phase-space distribution function associated
with a given stationary quantum-mechanical wavefunction to a specific solution of the time-
independent Liouville transport equation is obtained. Two examples are studied.

1. Introduction

There has been much concern about the classical limit of quantum mechanics. This limit
may be accomplished in two steps: first one makes a mapping of the Wigner phase-space
distribution function {WDF) to a classical phase-space distribution function (CDF) which still
might depend on #, and in a second step the A = 0 limit is taken. Here we shall be interested
in the first step, namely in a prescription which relates the WDF of a given stationary quantum
mechanical wavefunction, a solution of the Schrddinger equation, to a specific solution of
the Liouville equation, both subject to the same potential. We first present a short derivation
of the expression for the CDF, discuss a few of its properties and ther give two examples,
one corresponding to a bound state and the second to a scattering state.

Qur prescription for the CDF corresponds to taking averages of the WDF over classical
trajectories. In the special case of linear or quadratic potentials the WDF coincides with the
CDF [1,2], as in this case the WDF already satisfies the Liouville equation. In the case in
which the Wigner function is generated by a scattering solution of the Schridinger equation,
the CDF gives the classical limit, it describes individual trajectories corresponding to classical
scaftering.

Here we only consider problems in one degree of freedom. An extension which might
be considered is semiclassical elastic and inelastic scattering of a particle by a two-body
bound state. Using the mapping introduced here, essentially one expects to obtain the
approximation introduced by Lee and Scully [3), except that, instead of describing the initial
and final two-body bound states by a WDF [4], the corresponding CDF obtained through our
prescription would have to be used.

2. The classical distribution function

The Wigner distribution function p(q, p, t) satisfies the equation [5]

ap
BB [ k@ p- Yot P pdp = :
Py g f lg.p=pleQg, p,t)dp' =0 (2.1)
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where (g, p) is a point in phase space and the kernel X is given by

K(g,.p— p)——f-zjr—ﬁexp[i(p—p’)v] [V( e%)-V(q+§)] (2.2

where V(g) is the potential. In the classical limit [5] equation {2.2) becomes

i , av
K.q.p— p)——-fm p[ (p—p)v]vsg

av o
= ———8(p — p'). 2.3
32 p p=p) (2.3)
and equation (2 1) goes over into the Liouville equation
pdp. 3V p,

Br mdg dq op =0 24)

The problem we are addressing is to find the particular solution g, of (2.4), which may

be considered the correct semiclassical approximation of a given solution p of (2.1). One

may relate o and g, for instance, by assuming that at time ¢ = #; both distributions coincide

and that afterwards they evolve following (2.1) and (2.4}, respectively. The classical path

of a particle subject to the potential V(g) which at time = 0 occupies the phase-space
point {go, po} will be denocted by

g = 2o, po. 1) p = P(go. po. 1) (2.5)
so that

go = Q(go0. po. O) po = P (4o, p0, 0). (2.6)
Then the CDF, p, which at time #; coincides with the WDF p, wil} be given by [6]

pelg, p, 1) = p(2(g, P, 1o — 1), P(q, P, lo — 1), o) - 27

However, this mapping is not unique due to the arbitrariness of 7. In addition, for
stationary p, the function p. will, in general, not be stationary, a property which ought
to be preserved in the semiclassical approximation. However, in the case of scattering,
one may derive an appropriate mapping from (2.7). Consider p{(g. p, ¢} as the WDF which
corresponds to the scattering solution of the Schrodinger equation such that one has an
incident plane wave at time ¢ = 7. By making f; recede 10 —co, p as well as g, (given
by (2.7)) will become stationary, This CDF was introduced by Lee and Scully [3] and
describes classical scattering.

In order to derive the proposed mapping we introduce the retarded Green'’s function
G.(g, p: ¢'. p',t — '), which satisfies the inhomogeneous Liouville equation [1]

8G, pdG, AV aG, ’ ’ ’
e =8(g —gH)s(p — pYo(t — 1. 2.8
T e 3 e =~ P =) (28)
With the help of G, we write the following integral equation relating o and p, [11:

p@m0=m@m0—[ Wf@“ﬂ@@mf&%—ﬁ

5 fdpu [K(q’, pr - pﬂ') — Kc(qr‘ p,r _ pﬂ)] p(q', p”,t’) . (29)

If a WDF p satisfying (2.1) is inserted into (2.9), the resuiting function p, can be shown to
satisfy (2.4). Thus, equation (2.9) may, in principle, generate a CDF from a known WDF,
and we shall use it as a starting point of our prescription for the determination of p,. Here
let us make the remark that, conversely, for a p, satisfying (2.1), equation (2.9} does not,
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in general, yield a solution g corresponding to a quantum mechanically pure state. In many
cases the integral on the right-hand side of (2.9} does not converge as it stands and, in order
to obtain definite results, a convergence factor has to be introduced. We shall utilize the
usual factor exp(et’), the limit ¢ — 0, is taken after the integration over time in (2.9) has
been performed [7].

The WDF generated by a given wavefunction (g, t) is [8]

dv ipv v . ( v )
sy = - . - At - t]. .
p(p.q.1) fZNEGXP(ﬁ)w( zt)sff q+3 (2.10}
Here we shall mainly be interested in the case in which ¥ is stationary and thus o does not
depend on the time. Next we shall try to rewrite (2.9) in a more manageable form. Either
by expressing o in terms of ¥ through its definition (2.10), and by applying the Schrédinger
equation subsequently, or by directly using (2.1) and (2.3); equation (2.9} may be written

too
2, p.t) = plg, p,1) +f dr’ f dg'dp’'G.(q, ps g P/t — 1)
—o0 :

@ p a8 A PP
X[ EF_mEE+aqrE.ZT]"(‘?’P’I)' (2.11)
Equation (2.11) is equivalent to {2.9) provided p satisfies (2.1). We make the remark here
that in the particular case in which V{g) is quadratic in g, equation (2.11) reduces to the
equation p = p,, as in this case (2.1) becomes identical to the Liouville equation, so that
the integrand in (2.11) vanishes. The retarded Green’s function (solution of (2.8)) is known
to be

Golq, g, P, 7, €) =e"8(Q(g, p, —~7) — g)(P(g, p, —7) — pIn.(7) (2.12)

where 0 and P are defined by (2.3) and (2.6}, 14 is the step function and where, in addition,
_we introduced the convergence factor explicitly. Inserting G, from (2.12) into (2.11) we
get

4

pcla, p. 1) =plq, p. 1) — dt’ exp{—e{t — )

=0

5 p a8 oV a ) s
[(at’ m a'q" aqf apf q‘=Q(q,p.:’--t).p'=P(q..PJ'—f)

(2.13)
The above expression may be further simplified by using the classical equations of motion
P 8 . av 3
- — I —— —t ——— T — . U .
- = d@pnr-n 0 Py aCH S al) (2.14)

from which we get

5 pa 3V a ) o
o el P )
[(3" mdq'  dq’ dp’ ¥'=0@.p.t—1).p'=P(@.p.5"~1)

d
= -gp(Q(q, pt =0, P, pt' =0, 1) (2.15)

and equation (2.13) becomes
t
. ! F a / r !
p:q. p. 1) =p(q,p.t)—f dt GXP(-"E(I—I))FP(Q(Q,PJ ~ 1L, Plg, p,t —1,1))
(2.16)
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where o.(g, p,t) is seen to be independent of time provided p{g, p, ) does not depend
on it. In those cases in which ¢ may be set equal to zero from the beginning we get from
(2.16)

pelg, p. 1) = ;JETOO"(Q(‘?' 2.t P(g, p. ), 1. 217

This expression gives us back the mapping defined previously through (2.7), in the special
case in which the initial time #, is set equal to —oo. Thus, if the limit defined by (2.17)
does exist the value of p, at the phase-space point (g, p) is the value assumed by p at the
initial (f = —o0) phase-space point of the classical trajectory, which at time ¢ = 0 does
pass through the point (g, p). In what follows we shall assume that p does not depend on
the time. Returning to (2.16), introducing = = t' — ¢ as a new variable of integration and
performing an integration by parts we get for our mapping equation

0
pe(g. p) =3i“3f f dz exp(et)p(Q(g. p. ©), P(g. p. 7)) . (2.18)

In the derivation of (2.18) we made use of condition (2.6).

We now consider the special case in which the point {g, p) belongs to a closed classical
path. This happens for a system of one degree of freedom at phase-space points where the
energy E{g, p) is negative. In this case (2.17) is not applicable and we use (2.18). Let us
perform the Fourier decomposition

o0
p(Q(g, p. T, P(g, p. T = 3 Ru(g, pee@rr (2.19)
n=-00
where T(g, p) = 2n/w(g, p) is the period associated with the trajectory. Inserting the
expansion (2.19} into (2.18) we obtain that the only non-vanishing contribution in the
¢ = 0. limit arises from the # = 0 term of the series (2.19). Thus we get

Tiq.p}
p:{q. P) = Rolq, p} = (T (g, p))“f0 dr p(Q(g, p. 7)., Plg, p. 7). (2.20)

For points on the same closed path (2.20) gives the same value of p, as the trajectories
associated with these points are connected to each other by making time translations and
(2.20) is invariant under time translations.

This last result can be seen to be valid in general. Thus, for two points (g, p) and
(¢’, p’) on the same path, consider the time interval Az needed to go from one point to the
other, that is, such that

Qg P, 0y =02, p.T+ A7) P(g', p',7) = P(g. p. T + AT). (2.21)
From equation (2.18), by making t = ©’ 4 At we get
—-Az
peg, p) = lim € f dr’ e A (0, p' 7). PG, P )
e—0y —co

—AT
=rc(g’, P} + lim € fo dr’ S0 (0(g', Pl T, PG P T
Uy

= pc(q’, P : (2.22)
since the term with the finite integration interval Az vanishes, so that p.(g, p) will be
constant along any trajectory, and hence a constant of motion. From this fact alone one
concludes that o, satisfies the time-independent Liouville equation. Thus, by taking the
total derivative of p, with respect to the time, one gets

do, .Bp: , .0p. _dE3p. AJE3p:
A s e T T T 2. 23
ar T TP, T apag g op 223)
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Inserting E(g, p} = p?/2m + V(q) one obtains the Liouville equation.

Let us now discuss the important case of the WD¥ corresponding to a bound state in
a potential whick vanishes at infinity. For bound states it is known that p(g, p) vanishes
asymptotically as |g| tends to infinity. Since the trajectories having positive energy are not
bounded but start at |g| = +oco at time t = —o0, equation (2.17} may be applied directly,
the result being that p.(g, p) = 0 for points with positive energy E(g, p). Thus the mapped
CDF may be viewed in this case as a stationary distribution function of classical particles
trapped by the potential.

It may be worthwhile pointing out that in the case of one degree of freedom the value
of the CDF at a point (g, po) corresponding to negative energies Eg = E(go, Po). may also
be obtained by taking the average of the corresponding WDF over the strip S(qo, Puos EE)
defined by the points in phase space possessing an energy in the interval (o — ——- , Eo+ —-),
3E being an infinitesimal. In order to derive this result, consider for each energy E in the
strip S(gg, po, 8E) a classical trajectory (2 (E, 1), P(E, r)), 0Lt < T(E), T(E) being its
period. Thus we get a one-to-one correspondence between the pairs (E, ) and the points
(g. p) inside the strip. Consider the integral

SE

H

Eg+if T(E)
f dE(T(E))™ f dt p(Q(E, 1), P(E, 1))
E [+]

Eo+38
= /;_ 5!; dEpC(Q(E’ 0)! P(Er 0)) ~§E pe(qO,‘po) (224)

where we used (2.20) for p, and the fact that p, is constant along the classical paths. Now
make the transformation of variables [9]

= O(E, 1) p=PE, 0Kt TE) (2.25)

for the points on the strip. Then the volume element in phase space transforms according
to dE dt = |J|dg dp, where the Jacobian J is given by

3 3

_ Bp 8E dgq 8E
Jl=| %8 @ — =1 2.26
VAN 9E op % T IE ag (2.26)

where we used Hamilton’s equations of motion. Thus an alternative expression for o, in
the case of one degree of freedom is

-1
oclg, p) = lim p(q’, p'ydg' dp’ ( f dq’dp’) . .27
$E0 J 5(q.p.5E) 5(g.p.5E)

3. The infinite square well

As an example of a CDF generated by a WDF corresponding to a bound-state wavefunction
we shall consider the ground state of the infinite square well

_fo gl<a
Vg = [ o0 lgi > a. e

The wavefunction is

w(q)—\/_ cos 21 gl<a (32)
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and the corresponding WDF [10] is given by

1 h . (2P b 4 . {2P T
p(Q, P)= M[E [sm (7(61— @)+ EQ) + sin (—ﬁ—(ﬂ— Q) — EQ)]

-1 2P
+ (% + %) sin [(-ﬁ— + g—) (@a— Q)]
-1
+(%fi— g) sin[(¥~g-) (- Q)]} g0 (3.3)

p(Q. Py =p(—Q, P) Q <90. G.4)

The density p can also be seen to be symmetric under the exchange of P by —P. The
trajectory which starts at time £ == 0 at position ¢ = —a and momentum p (p > 0} is given

by

2a
o(-a.py=£r—a  Prapn=p o<r<Z0
?;I 2am ? dam 3.5)
—a, P, 1) = =13 P(~a,p,t)=— —_— gL —
Q(ap)m-I-a (~a. p, 1) p p SIS

Foliowing equation (2.20) we find for the cDF

z T
pc(—ﬂ,P)=-;-;{f p(%t—a,p) dt+f p(—%t—i—Sa,—p) dr} p>0
0 %
(3.6)

where T = 4am/p is the period of motion of the particle in the box. Making the change of
variables ¢" = pt/m — a in the first integral of (3.6) and ¢’ = —pt/m 4 34 in the second,
one gets

1 a , 1 a
pe—a,py= | plg.pYdg' + - | »lg,—p)dq. (3.7)
aJ g —a
As the classical trajectory does pass through all coordinate points inside the box without
change of momentum, we obtain for an arbitrary point in phase space

-2
—_ 1 “ ’ r o 14 LAY ap 2 2 Pa
peq, p) = EL“’(" . p)dg = O [(-2-) - (7) } cos ('n_) . (3.8

It should be mentioned that in this example p. coincides with the quantum mechanical
probability density in momentum space. We remark here that the result (3.7) may also be
derived from (2.27). In the limit # — O equation (3.8) gives p.(g, p) = (22)7'8(p) which
describes a uniform distribution of particles at rest inside the box, that is, classicaliy the
particle is at rest in the ground state.

4. The potential step

As a second example let us consider the potential step

g<0

0
Vigy= { Vo > 0 730 ' @.1
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for incident energies E = k*/2m < V,. The wavefunction is written

k
2Acos(?q—%) g=<0
¥ig) = 4.2)
2A cos (E) exp 'l g=>0
2 hJ
where
K = (2mVy — k)1 4.3)
and the phase o is given by
exp(iz) = ]z ii 4.4)

The WDF in the half-space @ < 0, is given by [10]
_ AP [ o Q ) Y
(0, P)= 4T CYHP E)cos [ 2(P _k)ﬁ +CYP kycos{2(P -H:)—h—

+ 5¢NP, k) sin (Z(P - k)%—) + SN P, k) sin (Z(P + k)%) ] (4.5)

where

CPP, kY = kk[(T2P + k) + 271 (=2P)) (4.6)
k(I2Pk — k% + %) :

=) =
S = S P T T RPG T P)

4.7

If @ > 0,we have
|AI2

000, Py = JAL o io(—2¢0) {CO(P, k) cos (2‘29) + So(P, k) sin (21;9)] (4.8)

ColP, k) = 4k®[(2P + 1) + * TP - 1) + 17! 4.9
K2 (k2 + k? — 4P?) 4.10)
[2P + k)2 +«2|[(2P — k)2 +x2]P ’
As can be verified from the above e:juation. the wDF is a symmetric function under the
exchange of P by —P.
In the calculation of the CDF we divide the phase space into the five sectors (i}—(v) as
follows.

Sol P, k) =

(I} Subspace (g < 0, p > &). In this subspace the classical trajectories satisfying the
condition (2.6) are the straight lines

Q(q,p,t)=q+£t Pg.p)=p <0 @.11)

since no potential acts during this time. Inserting equation (4.11) into (4.5), we find that
the evaluation of (2.18) for p. requires the following integrals:

€2 [0 @ #0

0e2 4o 1 =0 @12

hme f dt e cos(at) = hm

; co
ln‘n ef dr e sin(ae?) = ehf,% ) = -o:&@):r . 4.13)
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By making the indicated substitutions we get, disregarding the integrals (4.12) which give
vanishing contributions,
pe(g. p) = 4AH{C(p, ) sin(2879) 287 08 (287 p)

+CH(p, k) sin2BPg) 26 p)3 (267 p)

~5§9(p, k) cos26 )28 )8 267 p)

—SH(p, k) cos2BMg) (28 p)3 (287 p)) (4.14)
where
w_P_ K «_pP _k
Fr=5ts =% @19

Taking account of the delta functions in (4.14) g, will be non-vanishing only at the momenta
values p = k and p = 04. With regard to p = k. the only contributing term in (4.14) is
the term proportional to S¢(p, k) because this function has a pole at p = k. Thus we find
by inserting (4.7) into (4.14)

pc(g, p) = |AIP8(p — k) g<0 - p>0. (4.16)

At the value p = 04 of the momentum, we obtain that p, vanishes because of
cancellations of the varous contributions of (4.14). It should be observed that for
equilibrium points (p = 0,9V /8qg = ), g, does not need to be continuous, as in this
case the classical trajectory shrinks to a single point.

(ii) Subspace (g < 0, —/2mVy < p < 0). The trajectory which passes through a point
{g, p) in this subspace also passes through the point (g, —p) at an earlier time, because of
reflection from the barrier at ¢ = 0. As p, is a constant of motion we get for the points in
sector (ii),

pc(g, P) = pc(g, —p) = |APS(p + k). (4.17)

(iii) Subspace (g > 0, p > 0) From the fact that any trajectory that passes at time

t = 0 through a given point (g, p) in subspace (iii} does pass also through the point
(—q,+/ p* + 2mVy) in sector (i) at an earlier time, we get from (4.16) the result

pel@, P) = pe(—q, v p* + 2mVo) = |APS(vV P* + 2mVo — k). (4.18)
Since we are assuming k® < 2mVj, we have p. = 0 in this subspace.

(iv) Subspace (g > 0, p < 0). The trajectories which at time ¢ = 0 reach the points of this
subspace start at g = -+-co at time f = —o0. Since p{g, p} = 0 as g — 00 we may use
(2.17), concluding that p. vanishes in the sector (iv) of the phase space

(v) Subspace (g < 0, p < —/2mVp). The same reasoning used for region (iv) shows that
£ also vanishes in this sector.

We thus come to the conclusion that the CDF which corresponds to the WDF given by
(4.5) and (4.8) is
|AP@(p — k) +3(p + &) g<0
0 g>0.
Equation (4.19) describes the reflection of a classical particle subject to the potential {4.1)
for energies below the height of the barrier. Similarly, for incident energies above the

barrier one finds that no particles will be reflected. These results may be generalized to
scattering by a combination of square wells.

pclg, p) = { 4.19)
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